Abstract. In this study, we define discrete fractional Sturm-Liouville (DFSL) operators within RiemannLiouville and Grünwald-Letnikov fractional operators with both delta and nabla operators. We show selfadjointness of the DFSL operator for the first time and prove some spectral properties, like orthogonality of distinct eigenfunctions, reality of eigenvalues, paralelly in integer and fractional order differential operator counterparts.
distinct eigenfunctions, reality of eigenvalues of DFSL operator and we prove these properties by using self-adjointness.
In this study, differently we analyze DFSL equation within Riemann-Liouville and Grünwald-Letnikov fractional operators with both delta and nabla operators. The aim of this paper is to contribute to the theory of DFSL operator.
In this paper, we discuss DFSL equation in two different ways; i) (nabla right and left) Riemann-Liouville (R-L) fractional operator,
ii) (delta left and right) Grünwald-Letnikov (G-L) fractional operator,
Preliminaries
Definition 1.
[1] Delta and nabla difference operators are defined by respectively
Definition 2.
[8] Falling function is defined by, α ∈ R,
where Γ is the gamma function.
Definition 3.
[8] Rising function is defined by, α ∈ R,
Gamma function must be well-defined in the above two definitions.
Remark 1. Delta and nabla operators have the following properties 
where
Definition 5. [10, 12] Fractional difference operators are defined by, (i) The nabla left fractional difference of order µ > 0 is defined
(ii) The nabla right fractional difference of order µ > 0 is defined
Fractional differences in ( 
(ii) The delta right fractional difference of order µ, 0 < µ ≤ 1, is defined
Fractional differences in (9 − 10) are called the Grünwald-Letnikov (G-L) definition of the µ-th order delta fractional difference.
Definition 7.
[12] We define the integration by parts formula for R-L nabla fractional difference operator, u is defined on b N and v is defined on N a , then
Definition 8. [18, 19] We define the integration by parts formula for G-L delta fractional difference operator, u, v is defined on {0, 1, ..., n}, then
3. Main Results
Discrete Fractional Sturm-Liouville Equations
We consider DFSL equations in two different ways;
where p (t) > 0, r (t) > 0, q (t) is defined and real valued, λ is the spectral parameter,
ii) (delta left and right) G-L fractional operator is defined by,
where p, q, r, λ is as defined above,
Firstly, let's consider the equation (13) and give the following theorems and proofs, Theorem 9. DFSL operator L 1 , denoted by the equation (13) , is self-adjoint.
Proof.
If (15 − 16) is subtracted from each other
and definite sum operator to the both side of the last equality is applied, we have
If we apply the integration by parts formula in (11) to right hand side of (17) , we have
The proof completes.
Theorem 10. Eigenfunctions, corresponding to distinct eigenvalues, of the equation (14) are orthogonal.
Proof. Let λ α and λ β are two different eigenvalues corresponds to eigenfunctions u (n) and v (n) respectively for the the equation (13),
The proof completes..
Theorem 11. All eigenvalues of the equation (13) are real.
Proof. Let λ = α + iβ, since the self-adjointness of the operator L 1 , we have
Since u, u r = 0, λ = λ and hence β = 0. The proof completes.
Secondly, let's consider the equation (13) and give the following theorems and proofs, Theorem 12. DFSL operator L 2 , denoted by the equation (14) , is self-adjoint.
If (18 − 19) is subtracted from each other
and definite sum operator to the both side of the last equality is applied, we have If we apply the integration by parts formula in (12) to right hand side of (20) , we have 
